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The results of the experimental studies of the local heat transfer process for a 
gas-liquid system in the region of the cylindrical wall of baffled agitated vessel equipped 
with the system of A 315 (lower) – RT (upper) impellers are presented. Newtonian liq-
uids of different physical properties and air were used as continuous and dispersed 
phases, respectively. Local heat transfer coefficients were measured using both thermal 
and electrochemical methods. Distributions of the heat transfer coefficients were de-
scribed by means of equations (13) – (16) and (17) – (21), separately, for turbulent and 
transitional ranges of the fluid flow in the agitated vessel. These equations, concerning 
both coalescing and non-coalescing gas-liquid systems, have no equivalent in the open 
literature. Moreover, the results for the A 315 – RT impeller system were compared with 
our previous heat transfer data obtained using CD 6 – RT or RT – RT impeller systems.
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Introduction
Mechanical agitation is one of the important 
unit operations often occurring in process engineer-
ing. The main role of agitation is intensification of 
the momentum, mass and heat transfer processes in 
liquids or multiphase systems of different physical 
properties. Proper choice of the type of the vessel, 
impeller(s), baffles, and heat transfer surface area 
affect the process efficiency and reduction of the 
process costs. When maintenance of stable tempera-
ture is required in an engineering operation, heat 
transfer is usually the controlling process in an agi-
tated vessel.
Problems of heat transfer in agitated vessels, 
including theoretical backgrounds, methods of ex-
periments and computations, as well as obtained re-
sults have been considered in detail in the following 
monographs1–3 and papers4–6. The results of the 
mean heat transfer coefficient have been given in 
literature for different agitated liquids, for example: 
viscous fluids7–10, non-Newtonian fluids10–14 and oth-
ers15–16. The measurements of the local heat transfer 
coefficient have been also carried out for liquid17–21, 
gas-liquid21–26, solid-liquid27 and gas-solid-liquid28 
systems.
Distributions of the heat transfer coefficient on 
the side of the fluid in a jacketed, baffled agitated 
vessel strongly depend on the impeller type. This 
statement confirms the results of local heat transfer 
obtained for different single impellers, (for exam-
ple, centrally located Rushton turbine12,18,19,29, 
six-bladed PBT30,31, Pfaudler32,33, HE 323,24, CD 626,27, 
four-bladed pitched paddle19 or MR210 impeller19 
and off-centred propeller20,33, HE 320,34, A 31517 or 
Rushton turbine17) as well as for two impellers on a 
common shaft22,35–37.
Proper choice of the impeller for a given task 
depends on the type of the physical system pro-
duced in the agitated vessel38–41. Impellers of modi-
fied blade shape are recommended in literature42–44 
for the agitation of the gas-liquid system. Specifi-
cally, the CD 6 impeller (Smith turbine) should be 
considered for use when gas bubbles are dispersed 
in liquid phase42,44–46.
In the case of processes occurring in gas-liquid 
systems, it would be justified to use the agitated 
vessel of aspect ratio H/T higher than standard, i.e., 
H/T > 1. Thus, the gas introduced to the vessel is 
better utilized47–49, however, the problem of uneven 
dispersion of gas bubbles in a liquid may appear. 
The zone of good mixing is observed near the im-
peller, whereas the regions of different gas content 
in a liquid are formed in other parts of the agitated 
vessel. This problem can be solved partially by add-
ing a second impeller on the shaft. In the agitated 
vessel with two impellers, gas dispersion in a liquid 
improves, but energy consumption of the process 
increases. The choice of the proper system of im-
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pellers is an important problem. Circulation of the 
fluid in a vessel depends on the type of impellers, 
number of impellers, and their interaction. In a sys-
tem with multiple impellers, the lower impeller 
should initiate dispersion of gas bubbles in the liq-
uid, whereas the upper impeller should maintain the 
gas dispersion in the other part of the agitated ves-
sel. Within the area of agitation of gas-liquid sys-
tems, impellers of modified blade shape, such as 
CD 6 or A 315 should be considered because of 
good gas dispersion in a liquid (CD 6) and produc-
tion of lower shear stress in the fluid (A 315).
Karcz and Bielka37, studying the heat transfer 
process in a baffled agitated vessel with two impel-
lers on a common shaft, proposed the following di-
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where Frg = wog
2/gT, m denotes averaged value. Eq. 
(1) describes three different systems of two impel-
lers on a common shaft (RT – RT; CD 6 – TR; A 
315 – RT, where RT is upper impeller) used to agi-
tate unaerated or aerated Newtonian liquids of low 
or high viscosity. For the liquid phase and both tur-
bulent and transitional ranges of fluid flows, the 
highest values of coefficient Cm corresponded to the 
system of double Rushton turbines, and the lowest 
values corresponded to the system with lower A 315 
and upper RT impeller. The values of exponent A in 
Eq. (1) are higher for the turbulent fluid flow (New-
tonian liquid of low viscosity) than that obtained for 
the transitional fluid flow (Newtonian liquid of high 
viscosity).
When the results of the heat transfer coeffi-
cients are completed additionally with the data of 
power consumption P for a given geometry of the 
agitated vessel, then it is possible to evaluate the 
efficiency of the heat transfer process. Karcz et al.50 
proposed the following modified equation correlat-
ing mean values of the heat transfer coefficients 
with the specific power consumption P/V
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Comparison of the coefficients CP shows that 
the highest efficiency is characteristic for the heat 
transfer process in the agitated vessel with double 
Rushton turbines, and the lowest in the vessel with 
lower A 315 and upper RT impeller. Differences are 
not observed in the heat transfer efficiency for both 
liquid and gas-liquid systems agitated in vessels of 
identical geometry, equipped with the same system 
of impellers. This is caused by the decrease in both 
heat transfer coefficient and power consumption in 
the gas-liquid system compared to the liquid phase.
However, knowledge of the values of heat 
transfer coefficients, mean for whole wall of the ag-
itated vessel, is insufficient because, in this way, the 
regions of different intensity of heat transfer cannot 
be identified on the heat transfer surface area. For 
this reason, quantitative analysis of the distributions 
of heat transfer coefficient in a jacketed, baffled, 
agitated vessel equipped with two impellers on a 
common shaft was carried out by Karcz25 and Biel-
ka et al.22
Karcz25 performed an experimental study of the 
distributions of heat transfer coefficient along the 
wall of the tall agitated vessel equipped with a dual 
Rushton turbine system. The measurements were 
performed in a vessel of inner diameter T = 0.3 m, 
filled with a liquid up to height H = 2T. Local heat 
source was used to measure heat transfer coefficient 
in liquid and air-Newtonian liquid systems. The ob-
tained distributions were described mathematically 
in the form of the dependence Nu/ReAPr0.33Vi014 = 
f(z/H, Frg) within the range of 4 · 10
4 < Re < 105; 
0 < Frg < 8.8 · 10
–6; 0 < z/H < 1. Axial profiles of 
heat transfer coefficients revealed the existence of 
two strong local maxima on the level corresponding 
to the height of both Rushton turbines. Moreover, 
the results showed a decrease in heat transfer coef-
ficient value in the presence of the gas phase in the 
system. This was observed especially on the level 
of both Rushton turbines.
Bielka et al.22 developed experimental studies 
of the distributions of heat transfer coefficient on 
the cylindrical wall of the tall agitated vessel 
equipped with two high-speed impellers. The sys-
tem with lower CD 6 impeller (Smith turbine) and 
upper Rushton turbine was used to agitate air-New-
tonian liquid systems within the transitional and tur-
bulent range of the fluid flow. The lower CD 6 im-
peller was selected for study because this type of 
impeller disperses gas phase in a liquid very well 
and is recommended in literature41,51,52 for agitation 
of gas-liquid systems. The measurements were car-
ried out using both thermal and electrochemical 
measuring methods. The distributions of the heat 
transfer coefficient were mathematically described 
using the dependence Nu/ReAPr0.33Vi014 = f(z/H, Frg). 
Based on the obtained results, Bielka et al.22 proved 
(2)
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that local heat transfer coefficients have the highest 
values on the level of both impellers. However, lo-
cal maximum corresponding to the lower CD 6 im-
peller has lower value than that ascribed to the up-
per Rushton turbine. Like the system of double 
Rushton turbines, the presence of the gas phase in 
the gas-liquid system affects the decrease in heat 
transfer coefficient, especially in the region of both 
impellers (lower CD 6 and upper RT).
The A 315 impeller (Fig. 2) has a large surface 
area of the four blades and produces lower shear 
stresses in the fluid in relation to other impellers 
(for example, Rushton or Smith turbines). Bakker51 
stated that the flow field created by down-pumping 
A 315 impeller in liquid and gas-liquid systems dif-
fers from the flow fields generated by radial flow 
Rushton and Smith turbines. Considering the fea-
tures of the A 315 impeller, it is often recommended 
for use in various bioprocesses.
In this study, the distributions of the heat trans-
fer coefficient for a gas-liquid system, near the in-
ner cylindrical wall of the agitated vessel equipped 
with a system of A 315 – RT impellers, were deter-
mined experimentally and described mathematical-
ly. Additionally, these results were compared with 
our previous heat transfer data obtained using CD 6 
– RT or RT – RT impeller systems. The effect of the 
lower impeller on the intensity of heat transfer in a 
jacketed baffled vessel was analysed.
Material and methods
The distributions of the heat transfer coefficient 
a on the cylindrical wall of the agitated vessel were 
measured using two different, thermal and electro-
chemical, experimental methods. The measurements 
were carried out in a baffled agitated vessel of inner 
diameter T = 0.3 m (Fig. 1a). The flat-bottomed 
vessel was filled with a liquid up to height H = 2T. 
The system of two high-speed agitators of diameter 
D = T/3, mounted on the common shaft at distances 
h1 = 0.17H and h2 = 0.67H from the vessel bottom, 
respectively, was used. The upper agitator was a ra-
dial flow Rushton turbine (Fig. 2a, number of blades 
Z = 6, length of blade a = 0.25D, width of blade 
b = 0.2D, impeller disc diameter do = 0.75D), 
whereas down-pumping A 315 impeller (Fig. 2b, 
Z = 4, b = 45o, b = 0.5D) was located in lower po-
sition. The agitated vessel was equipped with four 
(J = 4) baffles of width B = 0.1T arranged symmet-
rically inside the vessel. A ring-shaped gas sparger 
of diameter dd = 0.75D was located at distance 
e = 0.5D from the vessel bottom.
The experiments were performed for varied im-
peller speeds n and superficial gas velocity wog 
(where wog = 4Vg/pTo
2, 0 < wog (m s
–1) < 6 · 10–3). 
F i g .  1  – a) Geometry of the agitated vessel used to measure 
heat transfer coefficient by means of thermal method; b) arran­
gement of the measuring points in an electrochemical method
a)
b)
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The lowest impeller speeds used in the experiments 
enabled dispersion of gas bubbles underneath the 
lower impeller. The lowest impeller speeds were 
chosen experimentally due to insufficient quantita-
tive data in literature53 for the tested system of A 
315 – RT impellers. Newtonian liquids of different 
physical properties (distilled water, 30 % aqueous 
solution of glucose, an electrolyte, technical glycer-
ol) were used as continuous phase. Gas phase was 
air. Both types of gas-liquid systems, differing in 
the ability to coalesce gas bubbles, were tested: co-
alescing systems (with distilled water or aqueous 
solution of glucose), and non-coalescing systems 
(with technical glycerol as liquid phase).
The thermal method used in this study to mea-
sure local heat transfer coefficient was described in 
detail in papers18,22,25. The local heat source was 
built at the vessel wall at height z (Fig. 1a). Seven 
different values of the dimensionless axial co-
ordinate z/H were taken into account, namely: 
z/H = 0.07, 0.16, 0.28, 0.42, 0.56, 0.67, and 0.82. 
The local heat flux meter (Fig. 3) consisted of 
a measuring cylindrical element (1) of diameter 
2R = 30 mm, and surrounding ring (2) of diameter 
60 mm. Both elements (1) and (2), made of stain-
less steel, were fitted into the sleeve (4), made of 
polyamide. The cover (5) closed the sleeve (4) in 
such a way that a chamber provided with steam of 
temperature 102 oC was formed inside. Condensate 
continuously flowed out to the condenser pot. Out 
dropping plates (8) and distance rings (9) were lo-
cated in the chamber. Plates (8) were used to sepa-
rate “false” condensate produced from steam con-
densation on the cool walls of the housing, from the 
condensate obtained during the steam condensation 
on the back part of the measuring element. More-
over, plates (8) protected the wall of the inner block 
against direct blow of the steam flow. Silicon seal 
was used to fix sleeve (4) with the vessel wall (3), 
and O-ring (10) sealed the cover (5). Two Fe – CuNi 
thermocouples (6) connected in narrow sleeve were 
located in the inner measuring block. The sleeve 
with thermocouples was sealed by means of the 
gland (7). Front thermocouple was situated nearer 
the contact surface of the heat flux meter with the 
agitated liquid. The distance between both thermo-
couples was l1 = 73 mm, whereas the distance 
between front thermocouple and the contact surface 
of the measuring element with agitated liquid was 
l2 = 2 mm.
The values of the local heat transfer coefficient 








where qw – heat flux, DT – driving difference of 
temperature between outer wall of the measuring 
element Tw and agitated liquid Tm. For steady-state 
conditions of the measurement, heat flux qw = q1 = q2, 
where q1 and q2 denote heat flux conducted through 
the measuring element (1) of the heat source (Fig. 3)
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Assuming that q1 = q2, wall temperature Tw was 
calculated from the equation
 2 2w 1 2
1 1
1 l lT T T
l l
    
= − +    
     
 (7)
Analysis of the impact of the size of the heat 
flux meter on the local heat transfer coefficient 
F i g .  2  – Impellers used in the study; a) Rushton turbine;  
b) A 315 impeller
a) b)
F i g .  3  – Scheme of the local heat flux meter: l – measuring 
cylindrical element; 2 – surrounding ring; 3 – wall of the agi­
tated vessel; 4 – sleeve; 5 – cover; 6 – thermocouples; 7 – 
gland; 8 – out dropping plates; 9 – distance ring; 10 – O­ring; 
11 – silicon seal
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shows22,25 that temperature profile within the ther-
mal boundary layer is stabilized for the measuring 
element of diameter 30 mm, therefore, the calculat-
ed value of the a does not require correction.
Electrochemical measurements of the local 
heat transfer coefficient a were carried out by 
means of the computer-aided method. This method 
was described in detail in papers22,26,27,54. In an elec-
trochemical method, diffusion current Id, propor-
tional to the local mass transfer coefficient kA, is 
measured and an analogy between mass and heat 
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where cp, r – specific heat and density of the elec-
trolyte, CA – concentration of the component A in 
the electrolyte, ze – number of electrons taking part 
in the reaction, S – surface area of the cathode, F – 
Faraday’s constant, Sc, Pr – Schmidt and Prandtl 
numbers. When small electrodes are used as mea-
suring points, the effect caused by the developing of 
the concentration profile in the liquid laminar 
boundary layer, should be considered. In order to 
eliminate entrance effect, the result of the measure-
ment should be corrected by means of the calibra-
tion factor pcorr discussed in paper
20,4.
 anal corrpa a=  (9)
In computer-aided electrochemical method22, as 
measuring sensors, 64 nickel circular cathodes were 
used with a diameter 4 mm, built into the wall of 
the agitated vessel (Fig. 1b). The cathodes were ar-
ranged in four columns on a quarter of the vessel 
wall. The sensors in the third column were located 
at angle position of 22.5o before baffle, whereas 
those in the second column were at angle position 
of 22.5o behind baffle. Clearance between sensors 
in the fourth column was 25 mm. Cathodic reduc-
tion of the potassium ferricyanide K3Fe(CN)6 was 
employed as a measuring system. At each measur-
ing point (Fig. 1b), the measuring digital voltage 
signal was sampled 200 times. Diffusion current Id 
representative for a given measuring point was cal-
culated automatically based of the averaged value 
from the sampling.
In the electrochemical method, a set of 1024 
data was obtained, because the measurements were 
performed for 4 values of impeller speed n, and 4 
values of the superficial gas velocity wog, for each 
of the 64 measuring points (four values of the angle 
coordinate and different values of dimensionless ax-
ial coordinate z/H). In the thermal method, a set of 
1050 data was obtained, because the experiments 
were carried out for 10 values of the impeller speed 
n, 5 values of the superficial gas velocity wog, 3 
types of liquid as a continuous phase, for each of 
the 7 measuring points (different values of the z/H). 
In total, 2074 experimental values of the heat trans-
fer coefficient were obtained using both thermal 
and electrochemical methods.
Results and discussion
Experimental axial distributions of the heat 
transfer coefficient a for different liquids and differ-
ent Re numbers are presented in Figs. 4a, b, c. They 
were obtained by means of the thermal method and 
using agitator systems with the lower A 315 impel-
ler and upper Rushton turbine. Turbulence of the 
fluid flow depends on the viscosity of the compared 
liquids, and it affects the heat transfer intensity. 
Thus, the highest values of the local heat transfer 
coefficient corresponded to the distilled water (low-
est viscosity, highest Re number, Fig. 4a), and the 
lowest values corresponded to glycerol (highest vis-
F i g .  4  – Axial distributions of heat transfer coefficient a, Re ≠ const; A 315-RT; a) distilled water,  – Re = 45000;  – Re = 
60000;  – Re= 75000; b) 30 % aqueous solution of glucose,  – Re= 15000;  – Re = 20000;  – Re = 25000; c) glycerol, 
 – Re = 250;  – Re = 300;  – Re = 450; thermal method
a) b) c)
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cosity, lowest Re number, Fig. 4c). Local heat trans-
fer coefficients increased with the increase in Re 
number (Fig. 4b) within the whole range of the di-
mensionless axial coordinate z/H. The distributions 
a = f(z/H) were maximum at the level of the upper 
impeller (z/H = 0.67) – radial flow Rushton turbine. 
Local heat transfer at the level of the lower A 315 
impeller (z/H = 0.17) was significantly less inten-
sive compared to the data for the upper Rushton tur-
bine.
For liquid phase and gas-liquid systems, local 
heat transfer coefficient a depends factors, such as: 
position on the cylindrical vessel wall (axial coordi-
nate z/H), impeller speed n, physical properties of 
the fluid, and superficial gas velocity wog. Our ex-
perimental results of the heat transfer coefficient 
were calculated using the following dimensionless 
equation
 ( )o og/ , A B ETNu C z H w Re Pr Vil
 = =  
a
 (10)
The literature data3 values of the exponents B = 
0.33 and E = 0.14 were assumed in Eq. (10). The 
dependences Nu/(Pr0.33Vi0.14) = f(Re) for different 
liquids (superficial gas velocity wog = 0 m s
–1) and 
air-liquid systems (wog ≠ 0 m s
–1), as well as differ-
ent positions of the dimensionless axial coordinate 
z/H are compared in Figs. 5 – 8. The data for aque-
ous solution of glucose as liquid phase and range of 
Re number ∈ (104; 4 · 104) are shown in Figs. 5 – 6. 
Figs. 7 and 8 illustrate the results for glycerol as 
liquid phase, and range of the Re number varied 
from 102 up to 7 · 102.
In Figs. 5 – 8, the dependences Nu/(Pr0.33Vi0.14) = 
f(Re) are shown for the axial coordinate z/H = 0.07, 
0.16, 0.42, 0.67, and 0.82. The highest values of 
 local heat transfer coefficient in Figs. 5 – 8 cor-
respond to the dimensionless axial coordinate 
z/H = 0.67 (position of upper impeller), and the 
lowest values correspond to z/H = 0.42 (position 
between both impellers).
On the basis of the experimental dependences
 og0.33 0.14 ( / , )
ANu C z H w Re
Pr Vi
=  (11)
shown among others in Figs. 5 – 8, the value of 
exponent A was estimated statistically for each of 
F i g .  5  – The dependence Nu/(Pr0.33Vi0.14) = f(Re) for 30 % 
aqueous solution of glucose (wog = 0 m s
–1) and different posi­
tions of the dimensionless axial coordinate z/H; lower impeller 
– A 315, upper impeller  – RT,  – z/H = 0.07; D – z/H = 0.16; 
 – z/H = 0.42;  – z/H = 0.67; ▲– z/H = 0.82; experimental 
points obtained using thermal method
F i g .  6  – The dependence Nu/(Pr0.33Vi0.14) = f(Re) for 30 % 
aqueous solution of glucose (wog = 5.1 · 10
–3 m s–1) and differ­
ent positions of the dimensionless axial coordinate z/H; lower 
impeller – A 315, upper impeller – RT,  – z/H= 0.07; D – z/H 
= 0.16;  – z/H = 0.42;  – z/H = 0.67; ▲– z/H = 0.82; ex­
perimental points obtained using thermal method
F i g .  7  – The dependence Nu/(Pr0.33Vi0.14) = f(Re) for glycerol 
(wog = 0 m s
–1) and different positions of the dimensionless axi­
al coordinate z/H; lower impeller – A 315, upper impeller – RT, 
 – z/H= 0.07; D – z/H = 0.16;  – z/H = 0.42;  – z/H = 
0.67; ▲– z/H = 0.82; experimental points obtained using ther­
mal method
F i g .  8  – The dependence Nu/(Pr0.33Vi0.14) = f(Re) for glycerol 
(wog = 5.1 · 10
–3 m s–1) and different positions of the dimension­
less axial coordinate z/H; lower impeller – A 315, upper impel­
ler – RT,  – z/H= 0.07; D – z/H = 0.16;  – z/H = 0.42;  
– z/H = 0.67; ▲– z/H = 0.82; experimental points obtained 
using thermal method
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the measurement series (at given levels of z/H and 
wog values). The value A = 0.65 ± 0.09 was obtained 
independently on the level of axial coordinate z/H 
for the turbulent flow of the distilled water and 30 
% aqueous solution of glucose as continuous phases. 
The value A = 0.673 was assumed in further analysis 
of the heat transfer coefficients within this region of 
the fluid flow. For the transitional flow of the glyc-
erol as a continuous phase, lower value of the expo-
nent at Reynolds number A = 0.58 ± 0.05 was ob-
tained and used in further calculations.
Experimental data presented in Figs. 5 – 8 were 
obtained by means of the local heat source, which 
was built at the vessel wall at height z. This measur-
ing thermal method enabled determination of a 
 coefficient at seven different axial positions z. 
 Because sensors in an electrochemical method were 
substantially smaller then it was possible to arrange 
axially 22 cathodes in the range z/H ∈ (0; 1). There-
fore, much more detailed distributions of the 
a = f(z/H) functions were obtained.
An example of the dimensionless axial distri-
butions of the heat transfer coefficient Nu/Pr0.33 = 
f (z/H) is presented in Fig. 9. These profiles illustrate 
the results obtained for the turbulent fluid flow and 
a given value of the Re = const, an electrolyte as 
liquid phase without (wog = 0) or with air (wog = 
5.1 · 10–3 m s–1) introduced to the system. The profiles 
in Fig. 9a, gained by means of the electrochemical 
method, reveal much more detail compared to the 
distributions shown in Figs. 4a and 4b, which were 
obtained using thermal method. At first, two local 
maximums are visible on the level of the blades of 
the upper Rushton turbine. Moreover, the shape of 
the profiles in the region of both impellers reflects 
fluid circulation imposed by the upper radial flow 
Rushton turbine and lower down-pumping A 315 
impeller. Rushton turbine operating in the upper 
part of the agitated vessel enables much higher val-
ues of the local heat transfer coefficient than does 
the A 315 impeller operating in the lower part of the 
vessel. This conclusion concerns both liquid phase 
(Fig. 9a) and gas-liquid systems (Fig. 9b) agitated. 
Comparison of the profiles in Figs. 9a and 9b shows 
observable effect of the gas phase on the decrease 
in the values of the local heat transfer coefficient.
The experimental results of the local heat 
transfer coefficient obtained by means of both 
 thermal and electrochemical methods are compared 
in the form of the dimensionless function 
Nu/(Re0.67Pr0.33Vi0.14) = f(z/H) in Fig. 10. In Fig. 10a, 
local values of the heat transfer coefficient are giv-
en for different liquids: distilled water, 30 % aque-
ous solution of glucose (thermal method, points) 
and electrolyte (electrochemical method, empty cir-
cle, solid line), whereas Fig. 10b presents analogous 
data for the air-liquid system. Experimental data 
shown in Fig. 10a and b for liquids and gas-liquid 
systems are consistent, meaning that the measuring 
methods used in this study, in practice, had no  effect 
on the measurement results.
Distributions of the heat transfer coefficient 
along the whole height of the cylindrical wall of the 
agitated vessel, obtained by means of both thermal 
and electrochemical methods, were approximated 
using the following equation
 
  (12)
In Eq. (12), the value of exponent A is 0.67 for 
turbulent range of the fluid flow (104 < Re < 9 · 104>), 
and A is 0.58 for the transitional range of the flow 
a) b)
F i g .  9  – Axial distributions of heat transfer coefficient Nu/
(Pr0.33) = f(z/H); liquid: electrolyte; A 315 (lower) – RT (upper); 
a) wog = 0 m s
–1 b) wog = 5.1 · 10
–3 m s–1;  – Re = 30000;  
– Re = 45000;  – Re = 60000;  – Re = 75000; ▲ – Re = 
90000; experimental points obtained using electrochemical 
method 
a) b)
F i g .  1 0  – Comparison of axial distributions of the depen­
dance Nu/(Re0.67Pr0.33Vi0.14) = f(z/H) for different liquids; A 315 
(lower) – RT (upper); a) wog = 0; b) wog = 5.1 · 10
–3 m s–1;  
– distilled water;  – electrolyte; + – 30 % aqueous solution 
of glucose; points – thermal method; solid line – electrochemi­
cal method
( )o 0.33 0.14 /1 2 g
T ANu CRe Pr Vi f z H f Fr
l
   = =      
a
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(70 < Re < 560). Dimensionless axial coordinate 
z/H changes from 0 to 1. Froude number for gas 
phase, defined as Frg = wog
2/(gT), describes the ef-
fect of the superficial gas velocity wog on the value 
of the heat transfer coefficient. Functions f1 and f2 
have different form depending on the ranges of the 
z/H and fluid flow. Functions Cf1f2 in Eq. (12) are 
collected in Tables 1 and 2. Equations (13) – (16) 
describe the experimental data, within the turbulent 
range of the fluid flow (104 < Re < 9 · 104; 6.4 < Pr 
< 21.5; 0 < Frg < 1.27 · 10
–5). Equations (17) – (21) 
describe the results within the transitional range of 
the fluid flow (70 < Re <560; 1766 < Pr < 2260; 
0 < Frg < 9.21 · 10
–6).
Equations collected in Tables 1 and 2 show that 
function f1 depends only on the dimensionless axial 
coordinate z/H. The function f2 is more complicated 
because, with the exception of the region ascribed 
to the position of the upper impeller (Rushton tur-
bine), it takes into account both effects of superfi-
cial gas velocity wog and geometrical parameter z/H 
on the local heat transfer coefficient.
On the basis of the equations given in Tables 1 
and 2, the profiles of the heat transfer coefficient 
were calculated in the form of the function Nu/
ReAPr0.33Vi0.14 = Cf1f2 = f(z/H). These distributions 
are compared in Figs. 11 and 12 with the experi-
mental data obtained for the different liquids (dis-
tilled water, aqueous solution of glucose, electrolyte 
and glycerol) and both systems without (wog = 0, 
Figs. 11a, 12a) and with gas phase (wog = 3.4 · 10
–3 
m s–1, Figs. 11b, 12b). Both calculated (solid line) 
and experimental (points) results presented in Figs. 
11 (turbulent flow) and 12 (transitional flow) are 
consistent. This means that the equations given in 
Tables 1 and 2 approximate experimental data with 
good accuracy. Mean relative errors of both sets of 
equations, (13) – (16) and (17) – (21), correspond-
ing to turbulent and transitional ranges of the fluid 
flow, are + 12 % and + 13 %, respectively. Compar-
ison of the experimental data and those calculated 
from proposed equations, expressed in the form of 
the C1f1f2, shows sufficient consistency of the results 
for both turbulent (Fig. 13a) and transitional (Fig. 
13b) ranges of the fluid flow in the agitated vessel.
Comparison of three different configurations of 
two high-speed impellers on a common shaft, i.e., 
RT – RT25, CD 6 – RT22 and A 315 – RT, shows that 
the type of lower impeller (RT, CD 6 or A 315) has 
decisive effect on the intensity of the heat transfer 
Ta b l e  1  – Functions Cf1f2 in Eq. (12) for gas­liquid systems agitated using two impellers on a common shaft (A 315 (lower) – RT 
(upper)); turbulent range of the fluid flow (104 < Re < 9 · 104; 6.4 < Pr < 21.5; 0 < Frg < 1.27 · 10
–5)






3.236 1.30 0.297 0.291 0.101
exp 5.7 10 232.6 39.3 g




       = + − +                
      ⋅ − −     







3 3 2 0.5
0.4776 3.95 3.83 0.931
exp 2.6 10 2.26 10 5.71 10 g




−       = − +      
       
      ⋅ − ⋅ + ⋅     
       
(14)
3. <0.65; 0.683> ( )
0
0.5
1 2 1.163 1 25.46 g
zCf f Fr
H







2 2 2 0.5
9.44 2.25 4.44 2.24
exp 4.58 10 8.62 10 3.49 10 g




      = − +      
       
      ⋅ − ⋅ + ⋅     
       
(16)
aTurbulent range of the fluid flow (104 < Re < 9 · 104; 6.4 < Pr < 21.5; 0 < Frg < 1.27 · 10
–5)
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Ta b l e  2  – Functions Cf1f2 in Eq. (12) for gas­liquid systems agitated using two impellers on a common shaft (A 315 (lower) – RT 
(upper)); transitional range of the fluid flow (70 < Re <560; 1766 < Pr < 2260; 0 < Frg < 9.21 · 10
–5)






2.167 3.186 50.43 29.35 27.02
exp 6 10 2.21 10 25.66 g




−        = + − − +                
      − ⋅ + ⋅ −     







0.0429 19.445 2.935 43.532
exp 8.244 12.45 13.72 g




−       = − + +      
       
      + −     







11.02 26.55 27.66 7.38
exp 66.66 41.75 3.85 g




      = − +      
       
      − −     
       
(19)
4. <0.65; 0.683> ( )
0
0.244
1 2 4.28 1 2.19 g
zCf f Fr
H






1 2 1.151 exp 5.66 10 g




    = − ⋅    
     
(21)
aTransitional range of the fluid flow (70 < Re <560; 1766 < Pr < 2260; 0 < Frg < 9.21 · 10
–5)
F i g .  11  – Comparison of the experimental (points) and cal­
culated (solid line) values of the function [Nu/(Re0.67Pr0.33Vi0.14)] 
= Cf1f2 = f(z/H) for the system with A 315 (lower) – RT (upper) 
impellers; air – liquid system; turbulent range of the fluid flow; 
a) wog = 0 m s
–1; b) wog = 3.4 · 10
–3 m s–1;  – distilled water; 
 – electrolyte; + – 30 % aqueous solution of glucose
F i g .  1 2  – Comparison of the experimental (points) and cal­
culated (solid line) values of the function [Nu/(Re0.58Pr0.33Vi0.14)] 
= Cf1f2 = f(z/H) for the system with A 315 (lower) – RT (upper) 
impellers; air – glycerol system; transitional range of the fluid 
flow; a) wog = 0 m s
–1; b) wog = 3.4 · 10
–3 m s–1;  – glycerol
a) b) a) b)
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process in the zone of its action. For example, in 
relation to the radial flow lower Rushton turbine 
and axial coordinate z/H = 0.17, local heat transfer 
coefficients are 81 % and 54 % only for CD 6 and 
A 315 impellers, respectively, within the turbulent 
regime of the fluid flow. In case of the choice of the 
lower high-speed impeller, a compromise should be 
considered between Rushton turbine (radial flow, 
high intensity of heat transfer and high shear stress-
es), CD 6 impeller (radial flow, lower heat transfer 
intensity and shear stresses but good gas disper-
sion), and A 315 impeller (down-pumping, relative-
ly low heat transfer intensity, low shear stresses and 
recommendation for mixing in bioprocesses).
Conclusions
The results of the experimental investigation of 
the local heat transfer process near the wall region 
of the jacketed baffled vessel, equipped with an A 
315 – RT impeller system, were obtained for co-
alescing and non-coalescing air-Newtonian liquid 
systems within the turbulent and transitional re-
gimes of the fluid flow. These results, including ap-
prox. two thousands experimental data, may be 
summarized as follows:
1. The distributions of the heat transfer coeffi-
cient are strongly differentiated on the vessel wall 
and significantly depend on the position of the mea-
suring point on the vessel wall (axial coordinate 
z/H) as well as Re, Pr and Frg numbers.
2. Fluid circulation imposed by both impellers 
on the common shaft affects the local values of the 
heat transfer coefficient. The highest values of the 
local coefficient a correspond to the level of the ra-
dial flow upper Rushton turbine (z/H = 0.67). Com-
pared to lower down-pumping A 315 impeller at the 
position z/H = 0.17, for turbulent and transitional 
regimes of the fluid flow, these values are higher by 
73 % and 39 %, respectively. The increase in the 
superficial gas velocity in the system causes the 
diminution of the local heat transfer coefficients.
3. The distributions of the heat transfer coeffi-
cient were approximated mathematically by means 
of dimensionless Eqs. (12) – (21) as the function of 
the z/H, Re, Pr and Frg numbers. The equations (13) 
– (16) and (17) – (21) have no equivalent in the 
open literature.
N o m e n c l a t u r e
A, B, E  – exponents in Nusselt equation 
a  – length of impeller blade, m
B  – width of baffle, m
b  – width of impeller blade,  m
C  – constant in Nusselt equation 
CA  – concentration of component A  
in electrolyte, kmol m–3
Cm  – constant in Eq. (1) 
C – constant in Eq. (2) 
cp  – specific heat at constant pressure, J kg
–1 K–1
D  – impeller diameter, m
DA  – diffusion coefficient,  m
2 s–1
dd  – sparger diameter,  m
do  – disc diameter,  m
e  – clearance between gas sparger  
and vessel bottom,  m
F  – Faraday’s constant 
g  – acceleration due to gravity,  m s–2
H  – liquid height in agitated vessel,  m
h1, h2  – distance of impellers from  
vessel bottom,  m
Id  – diffusion current,  A
J  – number of baffles 
K  – constant in Eq. (2) 
kA  – mass transfer coefficient,  m s
–1
l1  – distance between thermocouples,  m
a)
b)
F i g .  1 3  – Comparison of the C1f1f2 values obtained experi­
mentally and calculated from Eqs. (13) – (21) for gas – liquid 
systems; a) turbulent range of the flow (liquid phase: distilled 
water; 30 % aqueous solution of glucose, electrolyte); b) tran­
sitional range of the flow (liquid phase: glycerol)
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l2  – distance between front thermocouple  
and contact surface of heat flux  
meter with liquid,  m
n  – impeller speed,  s–1
P  – power consumption,  W
pcorr  – correction factor in Eq. (9) 
qw  – heat flux,  W m
–2
R  – radius of measuring element,  m
S  – surface area of cathode,  m2
To  – inner diameter of agitated vessel,  m
T  – temperature,  K
Tm  – mean temperature of agitated liquid,  K
Tw  – temperature of vessel wall, K
V  – liquid volume in Eq. (2),  m3
Vg  – gas flow rate,  m
3 s–1
wog  – superficial gas velocity,  m s
–1
Z  – number of impeller blades 
z  – axial coordinate,  m
ze  – number of electrons taking part in reaction
G r e e k  s y m b o l s
a – local heat transfer coefficient,  W m–2 K–1
b  – angle of impeller blade inclination, deg
h – dynamic viscosity of liquid,  Pa s
l – conductivity of liquid,   W m–1 K–1
l1 – conductivity of stainless steel W m
–1 K–1
n – kinematic viscosity of liquid,  m2 s–1
r – liquid density,    kg m–3
S u b s c r i p t s
anal – analogy 
m  – averaged value 
w – wall 
D i m e n s i o n l e s s  g r o u p s
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